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Abstract. In this paper, we consider Carlitz g-Bernoulli numbers and g-stirling numbers 
of the first and the second kind. From the properties of q-stirling numbers, we derive many 
interesting formulae associated with Carlitz g-Bernoulli numbers. Finally, we will prove 

n n 

where l3n,q are called Carlitz g-Bernoulli numbers. 
1. Introduction 

Let p be a fixed prime number. Throughout this paper, Zp, Qp, C and Cp will, 
respectively, denote the ring of p-adic rational integers, the field of p-adic rational 
numbers, the complex number field, and the completion of algebraic closure of Qp. 
For d a fixed positive integer with (p, d) = 1, let 

X = Xd^limZ/dp^Z, Xi=Zp, 

N 



X* = LJ ^ dpZp, 



0<a<dp 
(a,p) = l 

a -f dp^Zp = {x £ X \ X = a (mod dp^)}, 

where a G Z lies in < a < dp^ , see [1-21]. The p-adic absolute value in Cp 
is normalized so that \p\p — 1/p. When one talks of g-extension, q is variously 
considered as an indeterminate, a complex number q £ C or ap-adic number q £ Cp. 
If g e Cp, then we assume \q — l\p < p^~ , so that q^ — exp(xlogg) for \x\p < 1. 

We use the notation [x]g ^ [x : q] ^ T"^' ^ C-^H^p) = {/ I /' e C(Zp)}, 

let us start with the expressions 

E E /O'KO'+p'^Zp), see[6, 8], 

0<i<p" 0<j<p" 

representing q-analogue of Riemann sums for /. The p-adic g-integral of a function 
/ e C^^H^p) is defined by 

f{x)dng{x) = / f{x)dng{x) = lim -^-^ V see [8]. 

X [P"\q ^ 
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For / e C^^\Zp), it is easy to see that, 

I / fix)dfig{x)\p<p\\f\U, see [6 -14], 



where = sup||/(0)|p, sup.^J^^^^— . If /„ ^ / in C^'HZp), 

namely \\fn - /||i ^ 0, then 

/ fn{x)dng{x) f{x)dng{x), see[6-10\. 

The g-analoffueofbinomial coefficient was known as ^ = Mil^ — ^'^'^ — f^+^jq 
where [n]q\ = IliLiWg' (^^® [-'-' ^' ^' ^^])- I'^o™ this definition, we derive, 



x+1 
n 



x 

n-1 



X 

n-1 



, cf. [6, 10]. 



Thus, we have 



q [^+ J-Jg fe>o 



is the 



g-analogue of Mahler series of strictly diflferentiable function /, then we see that 

/ f{x)d^q{x)=Y,a,,^^ci'^'<''t'). 

Carlitz g-BernouUi numbers (ik,q{= Pk{q)) can be determined inductively by 
/3o,, = l, g(9/3 + l)'=-/3fe,g = 



1 if A: 1 
if A; > 1, 



with the usual convention of replacing by /3i^q, (sec [2, 3, 4]). In this paper, we 
study the q'-stirling numbers of the first and the second kind. From these q-stirling 
numbers, we derive some interesting g-stirling numbers identities associated with 
Carlitz g-BernouUi numbers. Finally we will prove the following formula : 



n n ^ 
m=qk=m^ doH \-dk=n—k 

where s\^q{k, m) is the (/-stilling number of the first kind. 



m+ 1 
[m+l]g' 



2. g-Stirling numbers and Carlitz q-Bernoulli numbers 
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For m e Z+, we note that 

Ji„ Jx 



From this formula, we derive 



1 if fe = 1 
if fc > 1, 



with the usual convention of replacing by Pi^g. By the simple calculation of p-adic 
g-integral on Zp, we see that 

/„\ n\ nin — 1) • • • (n — i + 1) ^ i-,/ x , 
where I I = -77 TT = 1 . Let t it) be the generatmg tunc- 

i\[n — i)\ i\ 

tion of Carlitz g-Bernoulli numbers. Then wc have 

n=0 n=0 J"? 1=0 



^(l-g)"p^VA;/[fc+l]/ ' n! 

n=0 ^ ^' Lfc=0 ^ / ^ J9 ) 

t 

{-If k + 1 t'' 



From (2) we note that, 



[k + l]gkV 



t t 

{-If ( k 



Fit) ^ el-.+el-«E(T^ M 

fc=i 

(-1)'= / 1 \ i*^ 



fe 

00 00 
n=0 n=0 

Therefore we obtain the following: 

Lemma 1. Let F{t) = Xlj^o/z Ng^A*?!^^)"- Then we have 

00 00 
F{t) = -i X] 9^"e["l'* + (1 - 9) X g"e["l<'*. 

n=0 n=0 
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The g-BernouUi polynomials in the variable x in Cp with \x\p < 1 are defined 

by 

Pn,g{x)= I [x + trgdllS)= I [x + trgd^iq{x). (4) 

Thus we have 

f [x+tr^di,,{x) = E^Nr^'"/ Kdi^s) 



k=0 

From (4) we derive 



+ tr,dn,{x) = (3r.„{x) = X: (fc) (-1)' 



[fc + 1] 



Q 



Let F{t,x) be the generating function of g-Bernoulli polynomials. By (5) we see 
that 



t 



(6) 



Prom (6) we note that 

oo oc 
F{t, x) = -tY^ q2n+x^[n+x],t + _ ^) ^ qn^ln+x],t^ (7) 

n=0 n=0 

By (4) and (7), we easily see that 

m — 1 
i=0 

If we take a; = in (8), then we have 

rn / \ n— 1 

By (2), (6) and (7), we see that 

OO cso cx) n — 1 ,fji—\ 

- E <z''+"e["+'l''* + E ^''el']'* = E E 9^'K~')—r- 
i=o ;=o m=i ;=o 



Note that J2Zo 92'+"e["+'l<'* + J2Zo = -{F{t, n) - F{t)). Thus, we have 



m! 

m=0 m=0 1=0 

By comparing the coefficients on both sides in (10), we see that 

2/r;im-l 



(10) 



(11) 



=0 



Therefore we obtain the following: 
Proposition 2. For m,n gN, we have 

n—l n—1 ^ m—1 / \ 

(g - 1) E <lK + E = - E 7 + (9"" - l)/3m,,- 

Now we consider the g-analogue of Jordan factor as follows: 

\Ak, = \AA^ - 1], ■ • • [x - A + 1], = ^^~^^^^^~^^7-9),^^~^^"'^'^ - 

The g-binomial coefficient is defined by 

n1 _ {n\q\ _ (1 - - g"-^) ■ ■ ■ (1 - g"-fc+i) 

fcj ^ - [fc],![n - A:],! " (l - g)(l - ^2) . . . (i _ ^fe) ' 

where [n]g! = [n]g[n — l]g • • • [2]q[l]q. The q'-binomial formulas are known as 



(12) 



n(a+v-^)=E 



i=l 



fe=0 



(13) 



and 



n(i-v-v=E 



/s=0 



n + fc — 1 
k 



The g-Stirling numbers of the first kind si,g(n, fc) and the second kind S2,q{n, k) are 
defined as 



\n,q 



= g-(S)Esi,9K0Ng> n = 0,l,2. 



(14) 



and 



Nq = E 9^'^«2,g(n, fc)Nfc,„ n = 0, 1, 2, • • • , see [2, 3, 6]. (15) 



k=0 



The values si,g(n, 1), n = 1, 2, 3. ■ • • . and S2,q{n, 2), n = 2, 3, ■ • • , may be de- 
duced from the foUowing recurrence relation: 

si,q{n, k) = si,,(n - 1, A; - 1) - [n - l]qSi^q{n - 1, k), see [2, 3, 6], 

for A: = 1, 2, • • • , n, n = 1, 2, • • • , with initial conditions si,g(0, 0) = 1, Si,q(n, fc) = 
if fc > n. For /c = 1, it follows that 

si,q{n, 1) = -[n - l]qSi^q{n -1,1), n = 2, 3, • • • , 

and since Si,g(l,l) = 1, we have si^g(n, 1) = (— l)"~-^[n — 1],/, ii = 1.2, 3,-- - . 
The recurrence relation for k ~ 2 reduce to si^q(n, 2) + [n — l]gSi^g{n — 1,2) = 
(— l)"^^[n — 2]g!, n = 3,4, ■ • • . By simple calculation, we easily see that 



(-l)"+igi.,(n + l,2) (-l)"gi,,(n,2) 
[n]q\ [n-l]q\ 



+ 1,2)- [n]qSi^q{n, 2) 



/ 1 MT+i 1 1 
= (-1)"+!- 



(-l)"+i[n-l]g! _ 1 



n = 2,3,4, 



Thus we have 



(-l)"si,,(n,2) 

^n-l 1 



[n-l]q\ 



This is equivalent to si^q{n, 2) = (— l)"[n — l]g! Tu~- ^^^y *° 



m— 1 

From this, we derive 



n+1 
m+1 



V— = V(-l)'=+iaC^') 



fe=i 





n 




\ — ^ 




k 


q 


k 



n "' 

Note that Efe=i(-l)*'+^9^'^ 



fe=i 



fn-k 


n — 


l 




k- 


1 



+ 1 = 1. Thus, we have 



n-l 



fc=i 



n — 1 
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Continuning this process, we see that 



The p-adic g-gamma function is defined as Tp^q{n) = (—1)" ni<j<n[i]9- 

\ ~[x]g if \x\p = 1 



X G Zp, we have Fp = Ep^q{x)rp^q{x), where Ep^q{x) = 

Thus, we easily see that 

logrp,g(x + 1) = log£;p,g(a;) + logrp,,(x). 
From the diflEerentiating on both sides in (16), we derive 

r;,,(a; + i) _ r;,^(x) ^ £;;^(x) 

rp,,(a; + l) rp,,(a;) Ep^q{x)' 



if \x\p < 1. 



(16) 



Continuning this process, we have 



^ \iL I Q-i rp,g(i)' 



The classical Euler constant is known as 7 



p-adic g-Euler constant as 



ni) 

r(i) 



. In [15], Koblitz defined the 



7p,g 



r;,,(i) 
rp,«(i)' 



Therefore, we obtain the following: 
Theorem 3. For x GZp, we have 



x-l 



x-l 

k 



q-i /r;,,(x) 



logg \Tp,q(x) 



Prom (5), (12), (14) and (15), we derive the following theorem: 
Theorem 4. For n,k we have 



where si^q{k,m) is the q-Stirling number of the first kind. 
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By simple calculation, we easily see that 



TO=0 



,iq - 1) + 1)" = E L - = E(« - 1) 



n / n 



/c=0 

k 



[t] 



/c=0 

Thus we note 



9 m=0 



m=0 \fe=TO 



P n / n 



m=0 \fe=m 



si,q{k,m) 13, 



Prom the definition of p-adic g-integral on Zp, we also derive 



/ g"*dM«(i)=E(")(a-ir/3™,, 



(17) 



(18) 



By comparing the coefficients on the both sides of (17) and (18), we see that 



(9-1)™ = E(9-i)* 



k—m 



Therefore we obtain the following: 
Theorem 5. For n G N, to G Z+, we have 



= E(^-i)" 



-m+k 



From Theorem 5, we can also derive the following interesting formula for g-BernouUi 

numbers: 



Theorem 6. For n G Z+, we have 

-J n / n 



si,g(fc,m) (-1)^ 



TO + 1 



Prom the definition of g-binoniial c;oefiicient, we easily derive 



'x + 1 




X 




X 




X 




X 


n 




n-l 




n 




n-l 


+ 


n 




q 




9 




9 




9 





By (19), we see that 





X 


L 


n 



(19) 



(20) 



Prom the definition of g-Stirling number of the first kind, we also note that 

/ [x]n,qdlJ,q{x) = [n]q\ ^ d/i, (x) = g" ( = ) ^ Si,, (n, fc)/3ft,, . (21) 

J Tip Jl^p L A q fc=0 

By using (20), (21), we see 

i-^T^^^-il''^,<iMl^k,q. (22) 



fe=0 



From (15) and (21), we derive 



= (7X]^2,,(n, k){-lY 



fe=0 



[fc + 1], 



Therefore we obtain the following: 
Theorem 7. For n G Z+, we have 



k, = 9E^2,,(n,fc)(-l)'=J^ 



where S2,q{n, k) is the q-Stirling number of the second kind. 
It is easy to see that 



1 doH \-dk=n-k 



By Theorem 4, we have the following: 
Theorem 8. For n € Z+, we have 



n n ^ 

= E E n - »)»+--fe E <7^-^*«i„(fc,m)(-l)— - 

m=Ofe=m ^ ' doH \-dk=n — k '■ 

w/iere si^q{k,m) is the q-Stirling number of the first kind. 



(23) 



m + 1 

Tl+ljq' 
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